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ABSTRACT
A disformal transformation is a very useful tool to analyze a general effective theory descrip-
tion of inflation. It can for example be used to set the tensor sound speed to unity, such that
the tensor power spectrum only depends on the Hubble parameter. However, the disformal
transformation has also led to quite some confusion in recent literature. We hope to clarify
that confusion by pointing out that a disformal transformation is nothing else than a change
of units. We show how everything that can be achieved by a (possibly time-dependent) dis-
formal transformation, equally follows from the equivalent change of units, up to all orders
in perturbation theory. We also comment on the sensitivity of the tensor power spectrum to
a non-standard tensor speed of sound.
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1 Introduction
Gravitational waves, or tensor modes, are a generic prediction of inflation. In Einstein gravity,
gravitational waves propagate at the speed of light. Therefore, the only unknown in the
tensor power spectrum is the Hubble scale during inflation, and the detection of primordial
gravitational waves from inflation would unambiguously pin down this scale. This direct
connection is lost in a more general theory of gravity, as now the tensor spectrum depends
on both the Hubble scale and on the speed of sound of the tensor modes.
A model-independent approach to (single-field) inflation is provided by the effective field
theory (EFT) of inflation [1]. The EFT allows for a non-canonical tensor speed cT 6= 1.1
Physical motivations can be found in brane world models or models of modified gravity, such
as Horndeski’s most general scalar-tensor theory with second-order field equations [2]. It
should be noted that although the tensor and light speed may differ during inflation, they
should evolve to equal values today. Last year’s detection of gravitational waves from the
binary neutron star merger GW170817, and the subsequent observation of the electromagnetic
counterpart, gives the very stringent bound on the tensor speed today |cT − 1| ≤ 3 · 10−15 [3].
Recently, there has been a lot of interest in disformal transformations of the spacetime
metric, called “disformal” because the metric’s temporal component is treated in a different
way than its spatial component. In general one writes
gµν 7→ g˜µν = Ω2(gµν + (1−B2)nµnν), (1)
where B generates a pure disformal transformation and Ω a subsequent conformal trans-
formation, that can be used to normalize the Planck mass. In [4], and later in [5], it was
proposed to use such a disformal transformation — with Ω−2 = B and nµ the unit normal
to surfaces of constant time [1] — to set any non-canonical tensor speed cT to unity (that
is, to the light speed today). In the new frame, the Einstein frame, gravity is of standard
form. The tensor speed does not appear explicitly in the tensor power spectrum anymore.
It thus follows immediately that all tensor observables, such as the power spectrum and the
bispectrum, can only depend on the Hubble scale defined in this frame [4].
However, it is important to realize that this does not mean that in the Einstein frame
all dependence on the tensor speed has dropped out of the model. For example, in the
background Friedmann equation which relates the Hubble constant to the microscopic model
of inflation now a factor of cT appears. The disformal transformation does not only rescale
the tensor speed, but the sound speeds of all other species in the universe as well. In fact
the ratio of the tensor to light speed during inflation remains invariant cT /cA = c˜T /c˜A. This
is in agreement with [6] who showed that a pure disformal transformation (Ω = 1) cannot
change the causal structure and the propagation speed of the fields, since it is equivalent to a
redefinition of the time coordinate. See also the discussion in [7, 8], in which it is pointed out
that only changing the time coordinate of the metric does not change the physical speed of
light. Thus although the tensor propagator, and therefore tensor quantum loop corrections,
are standard in the Einstein frame, the propagator equation and loop corrections of all other
fields will generically be non-standard (and depend on cT ).
In this paper we point out that the disformal transformation can equally be seen as a
change of units. The mathematics of a disformal transformation and a change of units is
one-to-one. Thinking in terms of a change of units is useful as it provides a physical and
1We work in units ~ = c = 1. Speeds are this given in units of the speed of light today: c = 3× 108 m/s.
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more intuitive understanding of what is going on. We will show how it helps to clarify some
confusion in recently published literature.
This paper is organized as follows. After introducing the general EFT setup allowing for
a non-canonical tensor speed in section 2, and reviewing the resulting scalar and tensor power
spectra in section 2.1, we introduce the disformal transformation in section 3. In section 4
we show that the disformal transformation can equally be viewed as a change of units. In
section 4.1 we discuss the time-dependent generalization of the disformal transformation, and
section 4.2 shows that the equivalence between the disformal transformation and a change of
units does not only hold for the free theory (and for the power spectrum), but at every order
in perturbation theory (and thus for the bispectrum and higher order correlation functions as
well). We comment on the “resilience” of the tensor spectrum, discussed in [4], in section 5.1,
followed by a further discussion of results in recent literature in section 5.2. This section
shows how interpretating the disformal transformation as a change of units can make the
physics more transparent. Finally, we conclude in section 6.
2 Set-up
We are interested in the effect of a disformal transformation on the inflationary description.
The metric is that of a perturbed FRW universe, which in ADM decomposition reads [29, 30]
ds2 = −N2dt2 + hij(N idt+ dxi)(N jdt+ dxj), (2)
with scalar and tensor perturbations
hij = a
2e2ζ(eγ)ij , γii = 0 = ∂iγij. (3)
The effective field theory (EFT) action for single field inflation in unitary gauge is [1]
S =
m2p
2
∫
dtd3~x
√−g
[
R− ρ(t)g00 − Λ(t)− (1− c−2T )(δK2µν − δK2) +M42 (δg00)2
]
. (4)
Here δKµν stands for the perturbation of Kµν , the extrinsic curvature on spatial slices
Kµν =
1
2N
(
h˙ij −∇iNj −∇jNi
)
. (5)
The last two terms in eq. (4) affect the speed of sound of tensor and scalar modes respectively;
if non-zero the respective sound speeds will differ from unity. The scalar speed of sound is
related to M2 via c
2
s − 1 = −2M42 /(H˙2m2p).
For simplicity, we focus on the quadratic action, but results can be generalized to the full
theory as discussed in section 4.2. The free action for the tensor and scalar modes is [1, 4]
S(2)γ =
m2p
8
∫
dtd3x a3 c−2T
[
γ˙2ij − c2T
(∂kγij)
2
a2
]
,
S
(2)
ζ = m
2
p
∫
dtd3x a3 ǫ c−2s
[
ζ˙2 − c2s
(∂kζ)
2
a2
]
, (6)
with ǫ = −H˙/H2 the first slow roll parameter.
2
2.1 The power spectrum
The tensor power spectrum follows from the quadratic action eq. (6). In the superhorizon
limit csk/(aH)≪ 1 and up to slow-roll corrections, it is
∆2γ =
2
π2m2p
H2
cT
(
cTk
aH
)−2ǫ−ǫT
, (7)
where we have defined the slow-roll parameter ǫT ≡ c˙T /(HcT ). For the tensor spectral index
this directly gives nT − 1 = −2ǫ− ǫT . In the superhorizon limit, the tensor power spectrum
is time independent.
A well-known, crucial observation is that in a theory with cT = 1, measuring the tensor
amplitude directly gives the value of H during inflation. In addition, a blue-tilted spectrum
(nT > 1) automatically implies ǫ < 0 ⇒ H˙ > 0, that is, a violation of the Null Energy
Condition (NEC). Clearly, these two robust predictions no longer hold for a non-canonical
tensor speed cT 6= 1, which arises if the term proportional to (δK2µν − δK2) in the inflationary
EFT in eq. (4) is non-zero.
Reference [4] has argued that without loss of generality, one can always perform a disfor-
mal transformation that sets cT = 1. The statement is that the tensor power spectrum is
“resilient”: the tensor power spectrum cannot be modified as cT can be set to unity, and thus
both the relation between the observed tensor amplitude and the scale of inflation, and the
relation between a blue-tilted spectrum and NEC violation, are robust. We will come back
to this in section section 5.1.
The scalar power spectrum that follows from eq. (6) is
∆2ζ =
1
8π2m2p
H2
csǫ
(
csk
aH
)−2ǫ−η−ǫs
, (8)
which involves the additional slow-roll parameters η ≡ ǫ˙/(Hǫ) and ǫs ≡ c˙s/(Hcs). The scalar
spectral index is defined as ns − 1 = −2ǫ− η − ǫs.
3 Disformal transformation
Consider the combined conformal (described by Ω) and disformal (described by B) transfor-
mation
gµν 7→ g˜µν = Ω2(gµν + (1−B2)nµnν), (9)
with nµ the unit normal to surfaces of constant t: [1]
nµ =
∂µt√−gµν∂µt∂νt = Nδµ0. (10)
In terms of the metric components the transformation reads
g00 7→ g˜00 = Ω2
(−B2N2 + hijN iN j)
g0i 7→ g˜0i = Ω2hijN j
gij 7→ g˜ij = Ω2gij = Ω2hij , (11)
3
and the line element transforms as
ds2 7→ ds˜2 = −Ω2B2N2dt2 +Ω2hij(N idt+ dxi)(N jdt+ dxj). (12)
The combined con/disformal transformation – from now on sloppily referred to as “disformal
transformation” – is equivalent to a field/coordinate redefinition that satisfies
N˜dt˜ = ΩBNdt, h˜ij(t˜)dx˜
idx˜j = Ω2hij(t)dx
idxj, h˜ij(t˜)N˜
iN˜ jdt˜dt˜ = Ω2hij(t)N
iN jdtdt.
(13)
One can choose to keep the coordinates invariant dx˜ = dx and dt = dt˜, then the transfor-
mation is a pure field redefinition. Here we follow the choice made in [4] to keep dx and
N invariant instead. It can be checked explicitly that applying the disformal transformation
eq. (9) to the EFT action eq. (4) is equivalent to the field redefinition eq. (13).2
The choice Ω2 = B−1 = β will change the speed of sound while keeping the normalization
of the Planck mass fixed. The field redefinition eq. (13) then amounts to
d˜t =
1√
β
dt, a˜ =
√
βa, N˜ i =
√
βN i, (14)
and dx˜ = dx and N˜ = N invariant. Physically, performing a disformal transformation comes
down to stretching /squeezing time and space intervals. Time intervals pick up a factor β−1/2,
space intervals pick up a factor β1/2 (physical distances are given by adx). The effect on any
velocity cX is thus given by
cX 7→ c˜X = a˜d˜x
d˜t
= β
adx
dt
= βcX . (15)
The change in velocity can equivalently be derived from the quadratic action eq. (6), which
after a disformal transformation becomes
Sγ =
m2p
8
∫
dt˜d3x˜a˜3
1
c˜2T
[
(∂t˜γij)
2 − c˜2T
(∂kγij)
2
a˜2
]
,
Sζ = m
2
p
∫
dt˜d3x˜a˜3
1
c˜2s
ǫ
[
(∂t˜ζ)
2 − c˜2s
(∂kζ)
2
a˜2
]
, (16)
where c˜T = βcT and c˜s = βcS can indeed be identified as the sound speeds in the new frame.
We close this section by taking a look at the tensor and scalar power spectrum expressed
in the tilde variables of the new frame:
∆2γ =
2
π2m2p
H˜2
c˜T
(
c˜T k˜
a˜H˜
)−2ǫ˜−ǫ˜T
,
∆2ζ =
1
8π2m2p
H˜2
c˜s(ǫ˜+
β
t˜
2 )
(
c˜sk
a˜H˜
)−2ǫ˜−η˜(1+...)−ǫ˜s
, (17)
where the ellipses in the exponent of the scalar power spectrum areO(βt˜ǫ˜ , βt˜t˜) corrections, with
βt˜ =
∂
t˜
β
H˜β
and βt˜t˜ =
∂
t˜
β
t˜
H˜β
. The functional form of the tensor power spectrum is invariant under
2The EFT for inflation eq. (4) is not written in covariant form. However, if its UV completion is a covariant
theory, it follows that Λ behaves as a scalar, and ρ and M2 as T00-tensors under a disformal transformation.
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a disformal transformation, as can be seen comparing eqs. (7) and (17). This is, however, not
the case for the scalar power spectrum which has a different functional form in the new frame
as can be seen comparing with eq. (8). This can be traced back to the quadratic scalar action
eq. (16) which depends on ǫ = ǫ˜+
β
t˜
2 . Of course, physical observables are frame-independent,
and the numerical value of the power spectrum is the same in both frames. The invariance
of the power spectrum has been discussed in the literature [4, 5, 6, 16, 17, 18, 19, 20, 21, 22,
24, 25, 26, 27, 28]. A particular feature may in one frame show up in the tensor speed, and
in another frame in the Hubble parameter, but the resulting power spectrum always comes
out equally.
Finally, we note that choosing β = c−1T sets the tensor speed of sound in the new frame
to unity c˜T = 1, and the tensor power spectrum is only a function of H˜.
4 Disformal transformation as change of units
After this short review, we are ready to deliver the core message of this paper: the disformal
transformation is nothing else than a change of units. That is, the mathematics and all the
results that follow from a disformal transformation can equally be intrepreted as a change
of units. Admittedly, this is a relatively small step from the observation that the disformal
transformation changes time and space intervals, as noted below eq. (14). However, we think
that viewing the abstract disformal transformation as a mere change of units does provide
some very useful physical intuition, which given the many frame dependent statements and
confusing statements in the literature is sometimes missing.
Let’s make the equivalence even more concrete. Introduce a length unit L and time unit
T that measures length and time intervals in the original frame. In natural units they can be
identified with the Planck length lp =
√
~G/c3 and Planck time tp =
√
~G/c5 respectively,
but the story does not change if we choose to work with, say, meters and seconds instead.
Consider a finite length interval ∆x = x¯ L that measures x¯ unit lenghts L, with x¯ a dimen-
sionless number. Now, let us take for simplicity a time-independent disformal transformation3
that sends this length interval of x¯ length units to β1/2x¯ units.4 Equivalently, this can be
viewed as the transformed length interval still measuring x¯ length units, but with rescaled
units L˜ = β1/2L. Similar for finite time intervals ∆t = t¯ T : the disformal transformation
sends this time interval of t¯ time units to β−1/2t¯ units, or equivalently to t¯ rescaled time units
T˜ = β−1/2T . In formulas, the equivalence reads
∆x = x¯ L 7→ ∆x˜ = x¯β1/2 L = x¯ L˜,
∆t = t¯ T 7→ ∆t˜ = t¯β−1/2 T = t¯ T˜ . (18)
Since (L˜/T˜ ) = β(L/T ) the change of units changes all sound speeds ci 7→ c˜i = βci.
We focussed here on the special choice Ω2 = B−1 = β, but it is clear that the arguments
can be generalized straightforwardly to the more general disformal transformation eq. (9). It
thus also follows that the purely conformal transformation (B = 1), which can be used to
transform a Lagrangian with a non-minimal coupling to one with Einstein-Hilbert gravity,
is nothing but a change of units. This was also noted in e.g. [14, 15] who interpreted the
conformal transformation as a rescaling of the Planck mass (in the natural unit system).
3For the time-dependent case the same argument holds using infinitesimal displacements (see next section).
4Note that physical length intervals are given by ∆x =
∫
adx, and the rescaling follows from the rescaling
of the scale factor in eq. (14).
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4.1 Time-dependent disformal transformation
Special care should be taken to implement a change of units (to perform a disformal transfor-
mation) if the transformation is time-dependent, i.e. β = β(t). Indeed, if the initial units L, T
are taken time-independent, the new units L˜, T˜ are time-dependent. If a rate is expressed
in the new unit system, for example the Hubble rate, there is a contribution because the
quantity itself is time-dependent (in the case of the Hubble constant the physical distance
between galaxies changes with time in an expanding universe), but also a contribution be-
cause the unit itself changes with time. A naive dimensional analysis is not enough to deduce
the transformation law.
Infinitesimal length and time intervals transform under a disformal transformation /
change of units as in eq. (18), i.e. dt˜ = β−1/2dt¯T = dt¯T˜ . From this we can derive the
transformation of the time derivative of a length ∆x(t) =
∫
d¯x L.
∂
∂t
(∆x) 7→ ∂
∂t˜
(∆x˜) =
1
T˜
∂
∂t¯
(∫
dx¯ L˜
)
= β1/2
1
T
∂
∂t¯
(∫
dx¯β1/2L
)
= β
[
∂t(∆x) +
1
2
∂tβ
β
∆x
]
,
(19)
As before, the factors of β can be either viewed as arising from the disformal transformation
or from the change of units. Whatever can be achieved by a disformal transformation can
equivalently be obtained from a change of (in this case time-dependent) units.
The Hubble rate is given by the dimensionless derivative of a length scale ∂t ln(∆x), and
thus transforms as
H 7→ H˜ = β1/2H
(
1 +
1
2
β˙
βH
)
. (20)
This relation can be used to verify that the power spectra are the same in both frames.
In appendix A we show how the action can be written in terms of dimensionless quantities,
which are manifestly invariant under a change of units.
4.2 Beyond quadratic order
For simplicity, much of this paper focusses on the quadratic action and the power spectra.
We want to emphasize though that the equivalence between a disformal transformation and
a change of units holds at all levels in perturbation theory. One may argue5 that a disformal
transformation contains more information, as it informs about the strucure of the EFT in
eq. (4). This is not correct: our statement is that eq. (14) is a change of units, which thus
gives equivalent results. One may worry that the disformal transformation does not only
rescale length and time intervals, but also acts on the shift vector N i. However, once we
integrate out the non-dynamical lapse N and shift N i both methods yield the same action
for ζ. Rescaling a Lagrange multiplier does not change the action resulting from integrating
out that Lagrange multiplier.6 In fact, that has been done to obtain the quadratic actions
eqs. (6) and (16).
5As an anonymous referee did.
6Working in longitudinal gauge, where the shift function N i vanishes, the disformal transformation is one-
to-one to a change of units also at the level of the unconstrained action. This gauge was used in [6] to show
that a purely disformal (Ω = 1) transformation is equivalent to a time rescaling.
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The disformal transformation can be used to eliminate certain operators from the EFT,
and thus can be used to construct a minimal set of EFT operators. Indeed, with the trans-
formation cT 7→ 1 the term depending on the extrinsic curvature in eq. (4) is set to zero. Of
course, the same result can be obtained with a change of units, which thus contains the same
information about the structure of the EFT. In this case, the result is arguably even more
transparent.
The same can be seen at the level of the correlation functions. As an example, takeM2 = 0
in eq. (4) such that scalar speed is canonical cs = 1. The scalar three-point interaction
〈ζζζ〉 gives the bispectrum and level of non-Gaussianity. A direct computation [4] yields
fNL = 1− c2T . The main message in [4] is that one can actually avoid doing this computation,
by mapping it to a computation done many times in the literature already. Indeed a disformal
transformation with β = c−1T brings us to the Einstein frame with c˜T = 1 and c˜s =
1
cT
. This
set-up has been studied at great length, and it is known that the 〈ζζζ〉 correlator yields
fNL = 1 − c˜−2s . In this way, the disformal transformation can be used for computations
involving higher order operators in the inflationary EFT. It is clear though that changing
units helps us in an equivalent way. In units that set c˜T = 1, the scalar speed is c˜s = 1/cT ,
and we get the Einstein frame results. Now switching back to units cs = 1 this becomes again
fNL = 1− c2T .
5 Applications
5.1 Resilience of the tensor power spectrum
Working in units c˜T = 1 the term involving the extrinsic curvature in the EFT action eq. (4)
vanishes. The action of the tensor modes is in canonical form (at least to this order in the
EFT expansion), and we can refer to this as the Einstein frame. The tensor power spectrum
and spectral index then also take canonical form ∆˜2γ = H˜
2 and n˜T−1 = −2ǫ˜, and in particular
only depend on the Hubble parameter in the Einstein frame.
In [4] this observation has been referred to as the “resilience” of the power spectrum:
the scale of inflation can always be uniquely defined in terms of the Einstein frame Hubble
constant, and the measurement of a blue tilt n˜T > 1 irrevocably implies a violation of the
Null Energy Condition (NEC) in the Einstein frame ∂t˜H˜ > 0. While we agree with these
statements, viewed as a change of units this almost seems a tautology: the tensor spectrum
depends in general on both the Hubble constant and the tensor speed, but working in units
with the tensor speed set to unity, it only depends on the Hubble constant. One could equally
change units such that cs ǫ = 1 to argue for the resilience of the scalar power spectrum: now
the scalar amplitude only depends on the Hubble constant in this frame, and the observation
of a blue scalar tilt indicates the breakdown of the NEC in this frame. The issue of course
is that all of these statements are in terms of dimensionful quantities which are frame/unit
dependent, and as such have no direct physical meaning. A more robust and frame invariant
definition of the scale of inflation is the tensor power spectrum itself; if this becomes order
one quantum gravity effects should be incorporated. We will discuss the frame-invariant
formulation of the NEC in the next subsection.
Of course, while changing units does not change the physics, it can make the physics more
transparent, and therefore the calculations easier. Indeed, a huge advantage of the Einstein
frame is that gravity is canonical, which simplifies computations of the tensor correlation
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functions such as the tensor bisprectum a lot, as was argued in [4].7 Also, the question to
what extent inflation is a quantum gravity phenomenon is most transparently addressed in
the Einstein frame. But these are all computational advantages, the physics is the same: inde-
pendent of the units used, the correct computations will always yield the same answer for the
(dimensionless and frame-invariant) observables, which contain all the physical information
of the system.
5.2 Further comments on recent literature
Although our main message “the disformal transformation is just a change of units” is decei-
vingly simple, it helps to understand results and clarify some confusion in recent literature.
To start with Refs. [22, 23] have expressed worries that after the transformation to the
Einstein frame cT 7→ c˜T = 1, the scalar speed of sound cs 7→ c˜s = cs/cT can exceed unity.
Does this apparant superluminality change the causal structure of the theory? The answer is
that there is no superluminality. As follows from eq. (15), changing units leaves the ratio of
speeds constant
cs
cA
=
c˜s
c˜A
(21)
with cA the light speed. Thus if the scalar speed is initially not larger than the speed of light,
it also will not be superluminal after the transformation. The confusion is that the scalar
speed in the early universe is compared with the light speed today, which is not a useful
comparison. Indeed, cs > 1 means that the scalar speed exceeds the current speed of light
c = 3× 108m/s.
In [4], for example, it was discussed that a blue tensor tilt does not automatically imply
NEC conservation in non-Einstein frames. However, the statements ∂tH > 0 and ∂t˜H˜ > 0
are in terms of dimensionful quantities. They mean different things in different frames, and
as such lose all their physical meaning. It is only in the Einstein frame that the NEC is the
basis of several gravitational theorems, such as that black holes cannot shrink and, in the
context of inflation, that the tensor tilt cannot be blue shifted, and thus has a direct physical
implication. Using the notation defined in appendix A, where bars denote dimensionless
quantities, the NEC can be written in frame invariant form
∂t¯
(
H¯√
c¯T
)
> 0 ⇒ ∂t˜H˜
∣∣
c˜T=1
> 0, (22)
which reduces to the usual expression in the Einstein frame (right hand side). Whatever units
are used, it is only the above version of the NEC that has direct physical meaning; specifically,
its violation implies a blue shifted tensor spectral index. Similar conclusions were found in
[31, 32].
In [25] a model with time variations in cT is studied, which give rise to features in the
tensor power spectrum. What happens after a disformal transformation that changes the
tensor speed? Are the features still present in a frame where cT = 1 is always constant? The
authors of [25] resort to a numerical analysis to establish that also in the Einstein frame the
tensor spectrum continues to exhibit the same features. Once one realizes that here one is
investigating the effect of changing units on a dimensionless physical observable, these results
come as no surprise.
7Since the scalar modes are non-canonical in this frame, the mixed correlation functions are still non-
standard, and there is in this sense a conservation of complexity.
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Reference [26] has investigated the structure of the acoustic peaks in the CMB for a non-
canonical tensor speed. They thus assume cT 6= cA during recombination, and the speeds
enter the fluid equations describing the acoustic oscillations.8 They consider a theory with
canonical speeds for scalar modes and all matter fluids (baryons, DM, light) cX = 1 and
different values for the tensor speed cT . Analytical computations and numerical simulations
together show that after a disformal transformation that sets c˜T = 1, one ends up with
CMB peak structures corresponding to different matter speeds c˜X . Changing units such that
cT 7→ 1 implies that cX 7→ 1cT , which directly explains the findings of [26]. Note that different
ratios cT /cX correspond to different physical theories, and thus gives rise to different values
for physical observables (as extracted from the CMB). The reason is that this ratio enters
the Einstein equations relating the (perturbations in) the spacetime curvature to the matter
content in the universe, which is non-canonical. The ratio of speeds itself is of course invariant
under a change of units.
As discussed in section 4 the equivalence of a disformal transformation and a change of
units holds for the general disformal transformation eq. (9), and thus also to the special case of
a conformal transformation. There is a large literature on the equivalence of the Einstein and
Jordan frame and the possible frame dependence of cosmological observables, see for example
[9, 10, 11, 12, 13]. Realizing that the transformation between the two frames is nothing else
than a (field-dependent) rescaling of the units, it is clear that this cannot affect the physics
and that no observable can depend on it. Just as for the disformal transformation, much
of the confusion arises because statements are made in terms of dimensionful variables. For
example, comparing perturbations defined on time slices of equal energy between frames does
not seem to be useful [33], as energy is not an invariant quantity; what can be compared are
physical observables (or more general, frame-invariant quantities).
6 Conclusions
The disformal transformation is nothing else than a rescaling of length and time intervals,
which can equivalently be obtained from a unit change. This statement also holds for a
time-dependent disformal transformation, and is valid up to all orders in perturbation theory.
Even if its impact on the actual physics is zero, as physical information comes exclusively
from dimensionless and frame invariant quantities, changing units (or: performing a disformal
transformation) can simplify computations considerably. Physical results are frame invariant,
but in many cases the difficulty in extracting them from the theory is not. In particular, in
the Einstein frame the graviton propagator is canonical. The price to pay is that one has to
deal with a non-canonical scalar speed of sound, but that has been studied in the literature at
great length. In this way, changing units (performing a disformal transformation) may enable
one to extract the theory’s physical contents in a faster and/or more transparent way.
Motivated by the amount of frame-related confusion found in the literature, we hope that
the interpretation of the abstract disformal transformation as a change of units can provide
some useful physical intuition.
8In this set-up, it is thus only after recombination that the tensor and light speed become equal (as they
need be today). It is not clear whether such a scenario is in agreement with standard cosmology. Conversely
in a set-up where cT and cA become equal at the end of inflation, the CMB only depends on the power spectra
at horizon exit, which are frame-independent.
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A Invariant action
In this appendix we rewrite the quadratic action and power spectrum in terms of dimensionless
quantities, which are manifestly invariant under the time-dependent disformal transformation
eq. (9). The results can be straighforwardly be generalized to the action at all orders. As
discussed in the main text we have to be careful with quantities that involve time-derivatives
such as the Hubble constant. Our approach is similar to the frame invariant constructions for
a pure conformal transformation proposed in [14, 15]. In this formalism different units can be
implemented by a different choice of length and time. For mass units we use the Planck mass,
which does not transform under the disformal transformation eq. (14) (i.e. we set mp = 1).
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The dimensionless length and time are defined as in eq. (18)
a¯dx¯ =
adx
L
=
a˜dx˜
L˜
, dt¯ =
dt
T
=
dt˜
T˜
. (23)
The dimensionless velocity, Hubble parameter, and first slow roll parameter are
c¯i = ci
T
L
= c˜i
T˜
L˜
, H¯ = ∂t¯ ln(a¯dx¯), ǫ¯ =
∂t¯H¯
H¯2
. (24)
The dimensionless tensor and scalar actions are of the form
S¯γ =
∫
dt¯d3x¯
1
8
a¯3(c¯T )
−2
[
(∂t¯γij)
2 − c¯2T
(∂k¯γij)
2
a¯2
]
S¯ζ =
∫
dt¯d3x¯a¯3(c¯s)
−2ǫ¯
[
(∂t¯ζ)
2 − c¯2s
(∂k¯ζ)
2
a¯2
]
(25)
which leads to the power spectra
∆γ =
2
π2
H¯2
c¯T
, ∆γ =
1
8π2
H¯2
c¯sǫ¯
. (26)
The action and power spectrum are now manifestly invariant under the disformal transfor-
mation. Restoring the dimensions, the action and power spectrum can be written in either
the untilde or tilde variables, which retrieves the results before and after the transformation.
It is clear that this is equivalent to a change of units.
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